Maximal left ideals in matrix rings were studied by Stone [10] . Similar results are not necessarily valid in the general near-ring case and one of the objectives of this paper is to study these differences. Furthermore, although much is known about 2-primitivity in general matrix near-rings (Van der Walt [11]), quite the opposite is true for 0-primitivity and the other objective of this paper is to present some results on 0-primitivity in matrix near-rings in certain restricted cases.
Introduction
Matrix near-rings were introduced in 1984 by Meldrum and Van der Walt [5] . Since then several papers ( [8, 12, 11, 13, 6, 2, 3] ) and theses ( [7, 1] ) were devoted to matrix near-rings and as this field of study is still very immature, many more publications are expected to follow.
The purpose of this paper is to study 0-primitivity in matrix near-rings. A good survey on 2-primitivity in matrix near-rings over any zero-symmetric near-ring has been done by Van der Walt [11] . Some results on 0-primitivity are also contained in Abbasi, Meldrum and Meyer [2] , but only for a very special class of near-rings, namely the weakly distributive d.g. near-rings. Because of some complexities, we could only manage to obtain certain results in restricted cases such as finite near-rings, or near-rings having the DCCR. It seems that a considerable amount of work still needs to be done to obtain similar results in the general zero-symmetric case.
The first section merely introduces some of the basic definitions, results and techniques in matrix near-rings which will be used in this paper. For more details the interested reader should consult [5] , [7] and [1] . Section 2 deals with maximal left ideals in matrix near-rings and the connections they have (or do not have) with maximal left ideals in the base near-ring. A counter-example is given to show that the near-ring case does not always necessarily follow the same pattern as in the ring case.
The final section is devoted, for the greater part, to finite zero-symmetric near-rings and 0-primitivity. It becomes clear from this section that in order to have a reasonable understanding of modules over matrix near-rings, it is useful if one knows whether or not such modules can be embedded into a direct sum of finitely many copies of the additive group of the base near-ring.
Definitions and preliminaries
Throughout this paper R will denote a zero-symmetric right near-ring. Unless otherwise specified, R will also be assumed to contain an identity element. For any natural number n, R" denotes the direct sum of n copies of the (not necessarily abelian) group (R, +). From now on, n will always denote an arbitrary but fixed natural number. We write the elements of R" in the form (,r l ,r 2 ,...,r n y where r,e/? for all i=l,2,...,n. In particular, 0: = <0,0,...,0> where the symbol := means "is defined by". The functions 7t,:/?"-»i? and i,:i?-»•/?" will denote the ith co-ordinate projection and injection functions respectively. Definition 1.1. The near-ring of n x n-matrices over R, denoted by M n (R), is defined to be the subnear-ring of M(R"), generated by the set of functions {f (/?) will be referred to as n x n-matrices over R.
It follows that fM] n (.R) is a zero-symmetric right near-ring with identity / = / } i + / 2 2 + •••+/£". If R happens to be a ring, then Ml n (^) is isomorphic to the usual full matrix ring over R. Sometimes, because of typographical problems, we write f r u as \r;i,j~\. It happens frequently that we need to know a specific way in which a matrix is compiled in terms of the functions /£,. We therefore introduce the following concept. Definition 1.2. Let S denote the free semigroup over the alphabet of symbols {fijlreR, l^ij^n} u {(,),+}. The set E n (R) of matrix expressions is the subset of S, recursively defined by the following rules:
Clearly, each element of E n (R) represents a matrix in M n (/?). On the other hand, each matrix has infinitely many expressions representing it. For example, the expressions X and X+f1 t , for any XeE n (R), represent the same matrix. Also, when we write down an expression, we usually discard any redundant parentheses without disturbing unambiguity. For example, the expression ( / i i ) ( / i i + / i 2 ) would be written (mostly) as / r u ( / u + / i 2 ) -If *eE n (R), m(X) will denote the matrix in M n (R) represented by X.
Definition 1.3. Let XeE n (R) and UeM n (R).
The length, l(X), of X is defined to be the number of /-, in it. The weight, w(U), of U is defined to be the length of an expression Y of minimal length such that m(Y) = U.
One way to relate (two-sided) ideals in M n (K) to those in R, is by means of Noetherian quotients: If A is an ideal of R then we define A* to be the ideal 
•
Note that there are other (non-equivalent) ways of relating ideals in M n (R) with those of R, resulting in a vital difference between ring matrices and near-ring matrices, namely that there is in general not a bijection between the set of ideals of R and the set of ideals of M n (R)-even if A is a finite weakly distributive d.g. near-ring with identity. More details are contained in [12] , [7] and [3] .
Given an /^-module G, one can ask the question: If G" is the direct sum of n copies of G, how can we define an M n (.R)-module structure on G"? We need the following definition. Definition 1.5. Let G be an R-module. Then G is said to be locally monogenic if for any finite subset H of G there exists g e G such that H £ Rg.
This idea was introduced by Van der Walt [11] It is shown in Van der Walt [11] that this action is well-defined and it makes G" an M n (K)-module. Also note that R" can be viewed as an M B (J?)-module in a natural way, since .
Maximal left ideals
Whilst studying O-primitivity in matrix near-rings, it would be very handy to have some nice relationships between maximal left ideals of R and those of M n (R). Stone [10] characterises all maximal left ideals in matrix rings as follows:
Theorem 2.1. (Stone [10]). / / L is a maximal left ideal of a ring R and aeR"\L n , then (L":a.): = {UeM n (R)\U(xeL''} is a maximal left ideal of M^R)-Moreover, every maximal left ideal of M n (R) is of this form.
Unfortunately, in the near-ring case the situation is not the same. We will show that under certain conditions, (L":a) is indeed a maximal left ideal of M "(/?), where R is a zero-symmetric near-ring with identity (Theorem 2.4), but not under the general conditions of Theorem 2.1 (Example 2.5). Also, we will prove that for some "wellbehaved" near-rings R, the maximal left ideals of M n (/?) are indeed of the form (L":a) as described in Theorem 2.1 (Theorem 2.11). Before we can prove these theorems, we need the following lemmas. ThenS=T.
Proof. First of all, that T is an R-subgroup of R, follows directly from (b) and (c).
Since A^ T (by (a)), we must have S^T.
Before showing that T^S, let us introduce some more terminology. Each teT is always constructed (in many ways) by a finite number of applications of the rules (a)-(c), starting always with rule (a). A unique number c A (t) which is in effect the minimum number of applications of the rules (a)-(c) needed to construct t, will be assigned to t in the following way:
We call a sequence t 1 Proof. To show that M,(i?)aES", we use induction on the weight of matrices in M n {R). Let UeM n (R) and suppose w(C/)=l, i.e. 1/=/^-for some reR and l^ij^n. Then UP = i i (rn j P)eS 11 , for all fieS". In particular UoceS". Now suppose w(U) = m>l and F^eS" for all fieS" and for all VeM n (R) with w(F)<m. There are two cases to consider:
1. u=V 1 + V 2 with V 1 ,V 2 eM n (R) and w(K,), w(F 2 )<m. It follows that UP=VJ + 2. l / = F i F 2 with KL V 2 eM n (R) and w(F 1 ),w(K 2 )<m. In this case up = (V 1 V 2 )P = V 1 (V 2 P)=V l y for some yeS" so that KÎ n both cases it follows that UtxeS", since aeS". From induction it follows now that
In order to prove that S"cM n (R)oc, we will show that i 1 7i 1 (S") = <5,{0},{0},...,{0}>s M n (R)a. The same method can then be used to show that 1,71,(5") £ M n (/?)a for all i=l,2,...,n.
Since M n (R)a. is an M n (/?)-subgroup of the Ml n (R)-module R", it follows
Since S is the R-subgroup of R generated by A = {s u s 2 ,...,s n }, we can apply Lemma 2.2 and so each element of S has a complexity with respect to A. Now let seS such that <u(s) = l-Then seA, i.e. s = s y for some j , lfSjgn. 
• II. Both K and M are R-subgroups of R (and not R-ideals).
Proof. Straightforward.
• III. K is an R-ideal of M.
Proof. Since (K, +) is a normal subgroup of (R, +), it is a normal subgroup of (M, +) as well. Let keK,meM and reR. Then • It must be emphasised that although K is not a left ideal of R, (K":a) is indeed a maximal left ideal of M n (i?), properly containing (L":a). It can be shown that (K":a) is of the form (T":0) where T is a maximal left ideal of R and fieR"\T n -.Take T as { / e / ? | / ( 2 ) , / ( 6 ) e f f 2 } ) a n d / ? = < l ) l , 0 , 0 , . . . , 0 > e i r If T is a faithful type 0 M) n (K)-module, then F is M n (K)-isomorphic to M n (R)/£e for some maximal left ideal i f of Ml "(./?). It follows from faithfulness that the largest two-sided ideal in JSP is {0} and hence, if i f = (L":a) for some maximal left ideal L of R and aeR n \L", then L* = {0}, because L* = {L":R n )^{L n :ix) = SC and Z* is two-sided. Consequently, if we can find an R with M n (i?) 0-primitive and such that no maximal left ideal L of R has the property L* = {0}, then at least one maximal left ideal of M n (R) cannot be written in the form (L":a) where aeR n \LP. It is not known whether such an R exists. In Theorem 2.11, however, it will be shown that when R is a weakly distributive d.g. near-ring, then every maximal left ideal of M n (K) can be expressed in this form.
m)-rm](l) = r(h 2 + h i )-r(h l )
Recall that a d.g. near-ring R is weakly distributive if its distributor series {D'(R)} terminates in {0}, where D°{R): = R, and ,a,be£'(£)}>* if iĤ ere Gp(X) R denotes the normal subgroup of (R, + ) generated by X s R . The interested reader should consult Meldrum [4] for a comprehensive study on this subject. We also quote the following lemmas from [4] : 
]). / / R is a d.g. near-ring with (R,+) soluble, then d l (R) is multiplicatively nilpotent.
It was shown in Abbasi, Meldrum and Meyer [2] that if R is a weakly distributive d.g. near-ring, then so is M n (R). By Lemmas 2.7, 2.8 and 2.9 it follows that ^x(M n (R)) is a multiplicatively nilpotent ideal of M n (K). Consequently, 5 1 (M n (R)) is contained in Now suppose the lemma is not true. Then (if<x:a) = M n (R) for all ixeR" of which the co-ordinates form a generating set for R as /{-subgroup; in particular, for all a. with 7i,a = 1 for some i, l^i^n. Consequently, S£v. = R n for all such a. To simplify matters, we shall stick to the case n = 2. A similar (but much more clumsy) procedure applies for the case n>2.
For every yeR there is a matrix U y e<£ such that C/ y <l,y> = <l,0>. Since / {^e i ? and /} 1 (/ y <l,}'> = <l,0>, we shall only consider first row matrices in if, i.e. matrices of the form jf\ 1 • <f>(k') and <p(rk) = r(p(k), for all k,k'eK and reR, follows trivially. We deduce that K and
If Kk t czK, we can repeat the process with K replaced by Kk t and obtain an R-module /C^/cjSKfci which is i?-isomorphic to Kk x (and hence to K). And so we can continue to repeat this process until the containment is not proper any more (because of the DCCR) and we end up with a chain of J?-subgroups: 1 . Since all the subgroups in the chain are R-isomorphic, R K is also monogenic.
• then it is easy to verify that R K is simple, not faithful and also not monogenic. Consequently, there is at least one minimal left ideal, say £%, of M n (i?) such that &£&.
Hence, ^y#{0}. From Pilz [9, 3.10] , it follows that 36^T as M n (i?)-modules. Furthermore, since ^#{0}, there is a non-zero aeR" such that &a. is a non-zero y n (R)-subgroup of R". This implies that 38ix is of the form K" for some non-zero R-subgroup K of R. (Take K = {n 1 Ba\Be@}.) The map @^K n which sends B&& to Ba. for all B e 3S assures us of an isomorphism
